Montogue

Quiz SM212

STRAIN ENERGY AND
CASTIGLIANO’S THEOREM

Lucas Montogue

() PROBLEMS - STRAIN ENERGY

Problem 1A (Hibbeler, 2014, w/ permission)

Determine the strain energy in the stepped rod assembly. Portion AB is steel
and BCis brass. E},. =101 GPa, E¢, = 200 GPa, (0y ), = 410 MPa, and (0y )¢ = 250 MPa.

100 mm
A | B 3pkn 75mm
[— C 20kN
e —
1 1 30kN ‘
1.5m 0.5m |
A) U=0.674]
B) U=3.28]
Q) U=5.77)
D) U=8.20]

Problem 1B (Hibbeler, 2014, w/ permission)

Determine the torsional strain energy in the steel shaft. The shaft has a
diameter of 40 mm. Use G=75GPa.

A) U=1.58]
B) U=4.15)
Q) U=6.64)
D) U=9.3]

Problem 2A (Gere & Goodno, 2009, w/ permission)

The truss ABC shown in the figure is subjected to a horizontal load P at point B.
The two bars are identical with cross-sectional area A and modulus of elasticity E.

Determine the strain energy of the truss if § = 60°.
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AU=——
3EA
P2l
B)U=——
2EA
P2l
QU=—
EA
2P2%],
D)U =
EA
Problem 2B

Determine the horizontal displacement of joint B by equating the strain energy
of the truss to the work done by the load.

Y PL

B~ 3EA

B) 6 PL
B~ 2EA
96 PL
B~ Ea

s 2PL
B~ Ea

Problem 3 (Hibbeler, 2014, w/ permission)

Determine the maximum force P and the corresponding maximum total
strain energy that can be stored in the truss without causing any of the members to
have permanent deformation. Each member of the truss has a diameterof 2 in. and is
made of steel with E=29 X 103 ksi and gy =36 ksi.

D

o B( )] Uo; ’

3ft

(7%

=
-—
-

A) U=4.65in.- kip
B) U=7.36in.- kip
C) U=10.21in.- kip
D) U=13.1in.- kip

Problem 4A (Gere & Goodno, 2009, w/ permission)

A slightly tapered bar AB of rectangular cross-section and length L is acted
upon by a force P (see figure). The width of the bar varies uniformly from b, atend A to

b; atend B. The thickness t is constant. Determine the strain energy of the bar.

-— & - B b .
» L T TR
L |
2
A) U= m In(b,/b;)
2
B)U = m In(b,/b,)
2
QU= Et(by—by) In(b,/b,)
2
D)U = m In(b,/b,)
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Problem 4B

Determine the elongation of the bar by equating the strain energy to the work
done by the force P.

Problem 5 (Hibbeler, 2014, w/ permission)

The concrete column contains six 1-in.-diameter steel reinforcing rods. If the
column supports a load of 300 kip, determine the strain energy in the column. Use E;
=29 x 103 ksiand E, = 3.6 X 103 ksi.

300 kip

12 in.

A) U=1.55in.- kip
B) U=3.52in. kip
C) U=5.69in.- kip
D) U=7.48in.- kip

Problem 6A (Gere & Goodno, 2009, w/ permission)

A thin-walled hollow tube AB of conical shape has constant thickness t and
average diameters d, and d at the ends (see figure). Determine the strain energy of
the tube when it is subjected to pure torsion by torques T. Use the approximate
formulaJ = md3t/4 forathin circular ring.

DA
7N
B

T?L (dy+dg
Nu=-—— (4
4Gt \ dydp
T?L (dy+dg
0032 (Gt
3Gt \ dydg
T?L (dy+dg
Ou-o—(45E)
2nGt \ dydg
T?L (ds+dg
pyu=— ("4
TGt \ dydg
Problem 6B

Determine the angle of twist of the tube by equating the strain energy to the
work done by the torque T.
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Problem 7 (Hibbeler, 2014, w/ permission)

Determine the strain energy in the horizontal curved bar due to torsion. There
is a vertical force P acting atits end. G] is constant.

Problem 8A (Gere & Goodno, 2009, w/ permission)

A compressive load P is transmitted through a rigid plate to three magnesium-
alloy bars that are identical except that initially the middle bar is slightly shorter than
the other bars (see figure). The dimensions and properties of the assembly are as
follows: length L =1.0 m, cross-sectional area of each bar A=3000 mm?, modulus of
elasticity E =45 GPa, and gap s=1.0 mm. Calculate the load P; required to close the
gap and the downward displacement § of the rigid plate when P =400 kN.

lP

s

A) P; =270kN and § =1.32 mm
B) P; =270 kN and 6 =1.89 mm
C) P; =365 kN and 6 =1.32 mm
D) P; =365kNand § =1.89 mm

Problem 8B

Calculate the total strain energy of the three bars when P =400 kN.
A) U=64.5)
B) U=144]
C) U=242)
D) U=321)
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Problem 8C

Explain why the strain energy is not equal to P§ /2.

Problem 9A (Gere & Goodno, 2009, w/ permission)

A bungee cord that behaves linearly elastically has an unstretched length L, =
760 mm and a stiffness k=140 N/m. The cord is attached to two pegs, a distance b=
180 mm apart, and pulled atits midpoint by a force P=80 N (see figure). How much
strain energy is stored in the cord?

A) U=3.25)
B) U=6.51)
C) U=9.48])
D) U=12.4)

Problem 9B

What is the displacement § of the point where the load is applied? Compare
the strain energy obtained in the previous part with the quantity Pé/2.

() PROBLEMS - CASTIGLIANO’S THEOREM

Problem 10 (Philpot, 2013, w/ permission)

Employing Castigliano’s second theorem, calculate the slope of the beam at A
forthe loading shown in the figure. Assume that El is constant for the beam.

M’U
O !
& 4 Q_B

L |

I 1
M,L
Ao, =——
) 0 4EI
M,L
B)O,=——
)64 3EI
M,L
Co,=—
)64 2EI
M,L
D)8,=——
) 64 £l

Problem 11 (Philpot, 2013, w/ permission)

Employing Castigliano’s second theorem, determine the deflection of the
beam at B. Assume that El is constant for the beam.
P

4

I '
A B - C
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Pa?b?

A) b5 ==
Pa?b?
B) 05 =51
Pa?b?
Q) 85 = 2LEI
Pa?b?
D)8s =5

Problem 12 (Philpot, 2013, w/ permission)

Employing Castigliano’s second theorem, determine the deflection of the
beam at A. Assume that El is constant for the beam.

P

Y LAYy
A_SEI( )
2

B) 5, = 22 (3L —b
A_SEI( )

96,22 o1 b
A—6E1( )
2

D) 6, = o2 (3L — b
4= ( )
Problem 13 (Philpot, 2013, w/ permission)

Employing Castigliano’s second theorem, determine the deflection of the
beam at B. Assume that El is constant for the beam.

H'n
K A N i b N s L s p W i W L
A B
L 1)
™~
woL3 woL*
A) 6p = and 6y =
) 0 6EI B~ gEI
woL3 woL*
B) 0; = and 65 =
)0 6EI B™ 4kl
woL3 woL*
C) 0, = and 65 =
)0 3EI B~ gEI
woL3 woL*
D) 6, = and 65 =
)0 3EI B™ 4kl

Problem 14 (Philpot, 2013, w/ permission)

Apply Castigliano’s second theorem to compute the deflection of the beam at
C for the loading in the next figure. Assume that El = 1.72 X 10° kN-m? for the beam.

120 kN 180 kN

g ;
A _ B C D

4 m |

3m
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A) §.=6.54mm
B) 5. =18.4mm
C) 5.=30.5mm
D) 6. =42.5mm

Problem 15 (Philpot, 2013, w/ permission)

Apply Castigliano’s second theorem to compute the deflection of the beam at
A and the slope at C for the loading in the next figure. Assume that £/ =1.72 x 10>
kN-m? for the beam. In the following values of § 4, the negative sign indicates an
upward displacement.

kips/ft

3.5
Illlllllliill JJJIIIIIILL

§ A%
A = C
8 fi |_ 20 ft ‘
I 1

A) §,=—0.0921in.and 6, = 0.00761 rad
B) §,=—0.0921in.and 6, =0.0108 rad
C) 6,=—0.181in.and 6, =0.00761 rad
D) §,=—0.181in.and 6, = 0.0108 rad

() SOLUTIONS
P.1=) Solution

Part A: Refer to the free-body diagrams shown below. Ny is the normal force
exerted on segment BCand N, is the normal force imparted on segment AB. From
equilibrium of forces in the x-direction, we have, in each case,

SF.=0— N,.—20=0
Ny =20 kN

~IF. =0>N,,-30-30-20=0
"N, =80 kN

N&; 20 kN
20k
H ‘ H_
30k
The cross-sectional areas of segments ABand BCare Ayg =1 X 0.1%2/4 =

7.85x 1073 m?and Az, = m X 0.075%/4=4.42 x 1073 m?2. Applying the formula
foraxial strain energy leads to

=3 N’L — NZBLAB n NéCLBC
2AE  2A4,E, 24,.E,

(80><103)2><1.5 (20x103)2><0.5
~3.06+0.224=3.28]

U= 2><(7.85><10‘3)><(200><109)+2x(4.42x10‘3)x(101x109)

Itshould be borne in mind that this analysis is only valid if the normal stress in
each member does not exceed the yield stress of the material. Considering the stresses
in segments AB and BC respectively, we have

© 2019 Montogue Quiz



3
ZAB __80x10 =102 MPa<(ay)st =250 MPa (OK)

O, = = —
P4, 7.85x107
Ny  20x10°
O, = = =452 MPa< (o =410 MPa (OK
P4, 442x107 (o7), (OK)

B
C The correct answer is B.

Part B: Refer to the following free-body diagrams. From equilibrium of
moments about the longitudinal axis of the shaft, we have, in each case,

SM, =0->T,,—300=0
~.T,; =300 N-m
SM,=0->T,. —200-300=0
+.T,. =500 N-m
SM_=0—>T,., —200-300+900 =0
o.T., =—400 N-m

x
The

300N-M

300N'M
The shaft has a constant circular cross-section and its polar moment of inertia
is]=m X 0.04*/32=2.51 X 1077 m*. Applying the formula for torsional strain
energy brings to

— 2 TZL — TAzBLAB + TBZCLBC + TCZDLCD
2GJ  2GJ  2GJ  2GJ

U

1
U= 2><(75><109)><(2.51><10‘7)X[

300% x 0.5+ 500 x 0.5 + (~400)’ xO.S} =[6.64 1

C The correct answer is C.

P.2 =) Solution

Part A: Consider a free-body diagram of joint B, as shown. From the
equilibrium of forces in the vertical and horizontal directions, we have respectively

XF =0—>—-F sinf+F,.sinf=0
S Fyp = Fye
XF,=0—>-F cos f—F,.cos f+P=0

2cos B 2x1/2

S F gy =Fy
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P

4

B
8\./ \,era

¥Fap Fsc

Therefore, the axial forces acting on the truss members are N, = P (tension)

and Ng. =-P (compression). The total strain energy of the truss is obtained by adding
up the contributions of members AB and BC, so that

2NL F; L F;CL
264 2EA  2EA

_PL
EA

C The correct answer is C.

Part B: All we have to do is equate the work done by load P to the strain energy
of the system,

2
PxﬁzU%Px§=P L
2 EA

2PL
EA

B:

C The correct answer is D.

P.3 =) Solution

The normal force developed in each member of the truss can be determined
with the method of joints. Summing forces atjoint B, we have

ZEC=0—>FBC—FAB=O
'.'FBC:FAB
2Fy=0—>FBD—P=O

=P (T)
f
Afeo
<= 4 P —X
Eﬁ ‘L;c
Yp

Likewise, summing forces atjoint D gives

XF. =0—>F,,x0.6—-F_,,x0.6=0
~F,=F,=F
ZFy =0->2xFx08-P=0

.F, =F.,=F=0625P (C)
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Finally, we sum horizontal forces atjoint C.

SF =0->0.625Px0.6—F,. =0
- F,.=0375P (T)

E’p: O'éWP q"

Member BD is critical since it is subjected to the greatest normal force.
Equating the normal stress in this member to the yield stress of steel, we have

— FBD

GY_7_>36= FBD

m

- F,y =P =113 kip

Substituting P in the equilibrium equations, we obtain F,j, = F-j, =70.6 kip
and Fg = F45 = 42.4 kip. The energy stored in the truss can be determined by
summing the contribution of each member to strain energy; that s,

2
_x VL ! S [ 1137 x(4x12) +2x70.6” x (5x12) +2x42.4> x (3x12) |
24E  2x3.14x(29x10°)
~.|U =7.36 in.-kip|
C The correct answer is B.
P.4 =) Solution
Part A: Refer to the figure below.
f A |22 B lb] P-
b, c
2 _ i
X | dx | T
|
r |
l

The width of the bar varies uniformly according to the relation

(bz—bl)x

b(x):bz— I

The cross-sectional area of the bar follows as

10
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L

A(s)=1b()=1 -2

The strain energy of the bar is calculated as

_-[[2EA] dx

Inserting the relation we derived for A(x) gives

L Pldx P J~L dx
0 2Eh(x)  2EtI0 b, —(b,~b)x/L

At this point, we can employ the standard integral

'f dx =lln(a+bx)
a+bx b

with the result that

C The correct answer is B.

Part B: All we have to do is equate the strain energy obtained just now to the

work done by the force P,

w X PAL b,
S & renity

|0 =—PL In b—2
Et(b2 -b) \ b

P.5 =) Solution

Consider the free-body diagram of the column. The sum of the axial forces

exerted on the concrete, P., and on the steel, P, must equal 300 kip; that is,

P +P, =300

300 kip
Py ==

As a compatibility condition, we note that the axial deformation of the
concrete and the steel must be the same,

P P
0,=0, > = S‘X
AcEc AstEst
I e

(7[><122—6><7z><0.52)><(3.6><103) - (6><7r><0.52)><(29><103)

R A
T1.61x10°  1.37x10°
P =11.8P,

Substituting in the first equation gives
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P +P,=300—11.8P, +P, =300

_390 534 kip

BT
and P.=300-23.4 =277 kip. We are now ready to compute the strain energy of the
system,
_JN'L 23.4*x(5x12) .\ 277 x(5x12)
24E 2x(6x7x0.57)x(29x10%)  2x (712" —6x7x0.5%)x(3.6x10°)

~U=0.12+1.43=1.55 in.-kip

C The correct answer is A.

P.6 =) Solution

Part A: The average diameter at a distance x from end A is given by
d,—d
d(x)sz+( BL ij

Accordingly, the polar moment of inertia is approximated as

J(x):”[#xmzﬂ{@ +[MH

4 L

Appealing to the equation for torsional strain energy, we have

B T dx _)U_ZTZJ'L dx
0 2GJ (x) nGt % {d +(dB_dijT
A
L

At this point, we can employ the standard integral

J- dx _ 1
(a+b)c)3 2b(a+b)c)2

so that
L
IL dx B 1
- 2
0 {dA (dB—dAj } 2(dy=d,) [, (dB—dA]x
L L ! L .
_J~L dx _ L N L
O{dA_F(dB_dij} 2(dB_dA)d§ Z(dB_dA)dj
L
. jL dx _L(dA+dB)
0 [dA_i_(dB—dij} 2d’d;
L
Backsubstituting in the expression for U, we obtain
g 2r r dx X1 XL(dA+dB)
7Gt % d—d T =Gt Xdd
d,+| —2—=|x
L

_ T°L(d,+d,

U =—| —5—

nGt\ dd,;

C The correct answer is D.

12
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Part B: The angle of twist can be determined by equating the strain energy U
to the work of torque T; that s,

X
WU X¢ TLd+c2z’
2 2Gt\ d’d?

= 2TL(d, +d,
N e d’d;

P.7 =) Solution
The torsional moment due to force P can be shown to be
T = Pr(1-cosb)
The strain energy due to torsion is given by
B jL Tds
02GJ
Here, arclength s=r8 and ds=rdf. Inserting the pertaining variables and
integrating, we find that

rd@

J-zr/Z[Prl cos@)]

P’ cx2
YT IO (1—0056?)2 do

- f;r; J.OH/Z(I—ZCOS@-FCOSZ 0)a’0

2.3
= Pr J /2£1—2c059+cosze+ljd6’
2 2

2GJ -0

2 3 /2
=Pr (ﬁ_z no+ s1n29j
2GJ

2
2o

e
GJ \ 8

0

C The correct answer is A.

P.8 =) Solution
Part A: The load required to close the gap is calculated as
5L ,p, B0
EA L

(45x109)x(3ooox10*6)x10*3

- o

A factor of 2 was introduced because two bars are acted upon by this force.
Since 400 kN > P, all three bars will be compressed when P is applied. Load P equals

P =2x

P, plus the additional force required to compress all three bars by an amount§ — s. In
mathematical terms,

P=P, +3(ELAJ(5—s)

(45><109)><(3000x10*")
1.0

- 400x10° =270x10° + 3 x x(5—1.0x10-3)

13
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2.0 =(1.32 mm

C The correct answer is A.

Part B: The strain energy follows from the relation

EAS’
2L

U=X

The displacement of the outer bars is § =1.32 mm while that of the middle bar
is1.32—1.0=0.32 mm. Thus, U is computed as

E4s®  (45x10°)x(3000x10°)
2L 2x1.0

U=%

><|:2><(1.32><103)2 +(0.32x103)2}: 2421

C The correct answer is C.

Part C: Using the typical formula, the strain energy of the assembly would
have been

-3
U:Pxéz(400x103)xw
2

=264

which of course is different from our result of 242 ]. The difference occurs because the
load-displacement relation is not precisely linear. This can be explained by drawing a
load-displacement diagram such as the one shown below. The strain energy is the
area under line OAB, whereas P§/2 is the area under a straight line traveling from O to
B, which is larger than U.

/ i1 8=10mm
v 5=1321mm
|~ o L

r 3 v

1 I I I
0 0.5 1.0 1.5 2.0
Displacement  (mm)

P.9 =) Solution

Part A: The dimensions of the cord before load P is applied are illustrated
below.

We have b=380 mm and L, =760 mm as given. Distance d can be obtained
with the Pythagorean theorem,

LY (bY 1
20 = 2 +dPd ==\ -1
2 2 2
~d :%x 0.76% —0.38% =0.329 m

Consider now the dimensions afterload P is applied.

14
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The dimension of the stretched bungee cord is denoted as L, . From triangle

ACD, we find that
2 2
(ij :(éj +x° = L =b* +4x°
2 2

Let us now consider the equilibrium of point C of the bungee cord. Below, F
denotes the tensile force in the bungee cord.

.........................

F P2 C

From similar triangles, we see that

F _L/2 . _P L I

=—X—X—
J 272 x
2
nr=t 1+b—2
2 4x

The elongation of the bungee cord is denoted as §. From Hooke’s law for
springs, we write

_E_P

b2
= |Jl+—— (1
k 2k 4x* M

Displacement of the bungee cord allows us to state that

o=L-L,—>L=L+6
2
.sz2+4x2:lb+~fi 1+427
2k 4x
o b2+4x2:l,0+—f—\/b2+4x2
Hhox
SLy = (1 —%) Vb +4x°

Inserting the pertaining data and solving for x, we obtain

760 = 1—L x~/380% +4x>
( 140j
4x| — |xx
1000
S.x =498 mm

Backsubstituting x into equation (1), the elongation of the cord is determined

2
5= s 9% 9305 m
2x140 \' " 4x0.498

© 2019 Montogue Quiz
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We can now proceed to calculate the strain energy of the cord,

ko®  140x0.305°
2 2

U= 6.51]

C The correctanswer is B.

Part B: The displacement § at point Cis given by the difference
0, =x—d =0.498-0.329=0.169 m

The quantity with which we want to compare our results is

P5,.  80x0.169

U.= 5

=6.76]

Ourresult, U, and U are not the same. The work done by the load P is not
equal to P§./2 because the load-displacement relation (see below) is nonlinear when
the displacements are large. (The work done by the load P is equal to the strain energy
because the bungee cord behaves elastically and there are no energy losses.) In the
load-displacement diagram below, U is the area OAB under the curve OA and P6 /2 is
the area of triangle OAB, which is greater than U.

Load |
P | 4—Large
/ displacements
80N /,
e e e “AA
T
g
/ o
\
Small
: displacements
B
é¢ Displacement

P.10 =) Solution

Let us designate the concentrated moment at A as M’. The free-body diagram
of the beam is shown in continuation.

W
@ |
=4 M

x— 1

Mv" L ‘ M

A L

We proceed to consider a segment of the beam that goes from fixed end Bto a
section a-a somewhere along the beam, as shown.

Referring to this figure, we have, summing moments about section a-a,

M, , =O—>£x—M=O
L
.'.M:Ex
L

Differentiating this expression with respect to M’ gives

oM x

oM' L

16
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Substituting M’= M, in the bending moment equation gives

Finally, we can use Castigliano’s second theorem to determine the slope at A,

0 __[L oM \M _ LﬁxMox 5
A dolom JET Yo L LEI

g M, 2
.0, _LZE[IU x“dx

g - ML
3EI

C The correct answer is B.

P.11=) Solution
The free-body diagram of the beam is shown in continuation.
P

L6\ |
s B A c

g a b 7
b L ' Pa

L L

We take a segment of the beam that goes from left end A to a section a-a
somewhere along its span, as illustrated below.

M

Referring to this figure, we have, from the equilibrium of moments about a-a,

Pb
EMa—a 20—>—TX1+M:0

.'.szTbx1 {0<x <d}

Differentiating this expression with respect to P gives
oM b
_ _xl
oP L

Consider now a beam segment that spans end Cto a section b-b, as shown.

v ¢

Pa
L

Equilibrium of moments about section b-b brings to
P
SM, ,=0—>—x,—M =0
L
P
M =Tax2 {0<x, <b}

17
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Differentiating this equation with respect to P gives

oM a
p—— _'XZ
oP L

Lastly, we can use Castigliano’s second theorem to determine the deflection at

(oM \M al b Pb b( a Pa
%=, (6_P]de_>53 =, (lejx[uﬂ xljdxl +, (ZXZJX(LEI xzjdx2
a Pb2 b Pa2
S0, = IO ﬁxfdx1 + IO 75 x5 dx,
_ Pa’b*  Pa’b’
Oy = o T a2
3L°ElI 3L°El

Pa’b’
" O0p = El x(a+b)

B Pa’b?
LE]

B

C The correct answer is D.

P.12 =) Solution

To determine the deflection of the cantilever beam at A, a downward dummy
load Qwill be applied to the pointin question, as illustrated below.

0 P

Y A J

ol B c
a b

Consider the loads on a beam segment that spans end A to a section a-a
somewhere intherangeo < x <a.

=
o

Referring to this figure, we have, from the equilibrium of moments about a-a,
M, , =0>0x+M =0
oM =-0Ox {Oﬁx<a}
Differentiating this expression with respect to Q gives

o _
0Q

Substituting Q=0 in the bending moment equation, we obtain

—X

M =0

Consider now a beam segment that encompasses end A to a section b-b. The
range of interestis nowa < x < L.

18
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Equilibrium of moments about section b-b brings to
M, , =0 QOx+P(x—a)+M =0
M=-0x—P(x-a) {a<x<L}

Differentiating this equation with respect to Q gives

o _
0Q

Substituting Q=0 into the bending moment equation, we obtain

—X

M :—P(x—a)

We can now apply Castigliano’s second theorem to establish the deflection of
pointA,

5= [Z—gj%dx >3, = Ioa(—x)Xde—lrLL(—x)x[—%(x—a)}dx

P oL,
s a(x —xa)dx
P P
0,=— " - 24" xax
El7a El %«

P Pa
0 =—x(P-a)- x(I* —a*
4 3EI ( ) 2EI ( )
5 = PL’  Pa’ Pal’ s Pa’
Y 3EI 3EI 2EI 2EI
P’ Pd® Pal?
0, = + -
3EI 6EI 2EI
P

S, :@x@ﬁ —3al’ +a3)

After lengthy manipulations, the result above becomes

_Pp’
6EI

s, (3L-b)

C The correct answer is D.

P.13 =) Solution

In order to determine the slope at point B, we introduce a clockwise dummy
moment M’ acting at this point of interest, as shown.

llllllllllllillllllllllﬁ
B

A
L L
ke

X =

Consider the loads acting on a beam segment that goes from freeend Bto a
section a-a somewhere along the beam span.
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With reference to this figure, we have, from the equilibrium of moments
abouta-a,

Differentiating this expression with respect to M’ gives

oM
oM’

Substituting M’ =0 into the bending moment equation gives

M = —&x2
2
At this point, we resort to Castigliano’s second theorem as applied to beam

slopes,

L oM \M L wox?
«9:'[0 (GM,)de—)Qg :IO (—l)x(— 20EI de

w, L
0, =—2 | x%dx
5 2EI Io
_ WOL3
’ 6EI

Next, in order to determine the deflection at point B of the cantilever beam,
we inserta dummy concentrated load at the pointin question, as shown.

P

Yo

lllHllillllllllllllllllvl

A B

X €—
L
=

Consider the loads on a beam segment that spans end B to a section a-a
somewhere intherangeo<x <a.

Equilibrium of moments about section a-a brings to
Wo 2
M, ,=0—> —Px—Tx -M=0
W,
M= —Px—;‘)x2
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Differentiating this equation with respect to P gives

oM _
oP

Substituting P = 0 into the bending moment equation gives

Mz—ﬁx2
2

Finally, we can use Castigliano’s second theorem to determine the deflection
atB,

(oM \ M L w
5:I0 (8—PJECZX—)5B :.[0 (—)C)X(— 25[ xzjdx

w, L
0. =—2 | x’dx
B 2FEI jo
3 w,L*
’ QEI

C The correct answer is A.

P.14 =) Solution

Let us designate the concentrated load at C as the variable load P. The free-
body diagram of the beam is illustrated below.

120 kN P

4 4

(9) |
>4 C D
3m 3m 4m
I I

84 kKN + 0.4P 36 kN + 0.0P

A

Consider the loads on a beam segment that spans end A to a section a-a
somewhere intherangeo < x; <3m.

84 kKN + 0.4P
Referring to this figure, we have, from the equilibrium of moments about a-a,
M, ,=0—>—(84+0.4P)x,+M =0
.M =(84+0.4P)x, {0<x, <3 m|

Note that, in this and other developments, forces will be expressed in kN.
Differentiating the foregoing relation with respect to P gives

oM =0.4x,
oP

Substituting P=180 kN into the bending moment equation, we obtain
M =(84+0.4x180)x, =156x,

Consider now a segment that encompasses end A to a section b-b. The range of
interestisnow3 < x,<6m.
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120 kN

by M
lhl— b Lf 5

3m

-

)

84 kN + 0.4P
Equilibrium of moments about section b-b brings to
M, ,=0—>—(84+0.4P)x,+120x(x,-3)+M =0
..M =(84+0.4P)x,-120x(x,-3) {a<x, <L}
Differentiating this equation with respect to P gives

M _ 0.4x,
oP

Substituting P=180 kN into the bending moment equation, we obtain
M :(84+O.4><180)><x2 —120><(x2 —3)
..M =156x,—-120%(x, —3)

As a third free-body diagram, consider a beam segment extending from right
end Cto asection c-cintherangeo <x3; <4 m.

(=

C

36 kN + 0.6P

Equilibrium of moments about section b-b brings to
M, =0 (36+0.6P)x3 -M=0
M= (0.36 + 0.6P)x3 {O <x <4 m}
Differentiating this equation with respect to P gives

oM _ 0.6x,
oP

Substituting P=180 kN into the bending moment equation, we obtain
M = (36+ O.6><180)><x3 =144x,

We are now ready to apply Castigliano’s theorem and determine the
deflection at point C,

1 L e
5. = EIO (0.4x,)x (156x, ) x,dbx, +EL (0.4x,)x[156x, ~120(x, —3) ] dx,

1 ¢4
+Ejo (0.6x, ) x (144, ) dx,

50 :Lx562+Lx2850+ix1840
EI EI EI

" 5, =%=o.0305=

C The correct answer is C.
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P.15 =) Solution

To determine the deflection of the simply-supported beam, we introduce a
dummy concentrated load P at point A, as shown.

P

3.5 kips/ft

YITITITITTITTITITTTITTITT

,., —T P ? c
Sf 20 fi
I I

68.6 kips + 1.4P 294 kips — 04P

Consider the loads acting on a beam segment that goes from freeend Ato a
section a-a somewhere in the range 0 <x, <8 ft.

P

3.5 kips/ft

Referring to this figure, we have, from the equilibrium of moments about a-a,

M, =0- Px +%5xf +M =0

M :—%xlz —Px, {0<x, <8 ft}

Differentiating this expression with respect to P gives

oM

I xl
oP

Substituting P = 0 into the bending moment equation gives
M=-=—"=x

Consider now a segment that encompasses end C to a section b-b in the range
0<x,<20ft.

3.5 kips/ft

C ijZT

29.4 kips — 0.4P

Equilibrium of moments about section b-b brings to

M, ,=0— —%ij +(29.4-0.4P)x,-M =0

M= -3?5)6; +(29.4-04P)x, {0<x, <20 ft}

Differentiating this equation with respect to P gives

oM =-0.4x,
oP

Substituting P =0 into the bending moment equation gives
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M = —3—5x2 +29.4x,
2

Finally, we can apply Castigliano’s theorem to determine the deflection at A,

3.5 20 3.5
J( j -9, I -x,) (—Exfjdxl+jo (—0.4x2)x(—7x§+29.4x2jdx2

8, =~ x1790-—- x3360
EI EI
3
L5, = 7012 e,
15x10

The 123 factor was included to change the dimensions of the numerator from
kip-ft3 tokip-in.3. The negative sign indicates that the displacement of point A is
upward, notdownward. Next, in order to determine the slope at point C of the beam,
we place a dummy counterclockwise moment M’ at the pointin question, as shown.

3.5 kips/fi

uuuuuuuuuulwf)
e ]
A = B C

8 ft ? 20 fi ?

68.6 kips + % 29.4 kips ,‘:)’ﬁ

As before, consider the loads on the beam segment in the interval o < x; <8
ft.

3.5 kips/ft

Equilibrium of moments about section a-a leads to

M, , =0—>%5xf+M=0

M :_3?5x12 {0<x, <8 ft}

Differentiating this equation with respect to M’ yields

oM
oM’

Substituting M’ =0 into the bending moment equation produces no change in
the bending moment equation,

3.5
M = —7)(,'12
Consider the loads on a beam segment that spans end Cto a section b-b

somewhere in the range 0 < x, < 20 ft.
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Equilibrium of moments about section b-b leads to

!

M, ,=0— —%5)@3 +(29.4— ];40

jx2+M'—M=O

. M’
M= —3—59622 +[29.4——jx2 +M' {0<x, <20 ft}
2 20
Differentiating this equation with respect to M’ yields

oM _ &+1

oM’ 20
Substituting M’ =0 into the bending moment equation yields

M==321294x
2

Lastly, we employ Castigliano’s second theorem to determine the slope at C,

Ll OM \M 8 3.5 20 1 35
6’=J.0 (—j—dx — 0, =I (O)x(—ﬁxfjdxl +I0 (—0.05x, +1)XE(—7)C§ +29.4x2ja’x2

oM' ) EI 0
1
S0, =—x0+ L”
El El
122
L0, =212 1550761 rad
15x10
C The correct answer is C.
() ANSWER SUMMARY

Problem1 1A B

1B C

Problem 2 2A ¢

2B D

Problem3 B

A

Problem 4 4 B
4B Open-ended pb.

Problems A

Problem 6 6A D
6B Open-ended pb.

Problem7 A

8A A

Problem 8 8B C
8C Open-ended pb.

9A B

Probl

roblem9 9B Open-ended pb.

Problem10 B

Problem 11 D

Problem12 D

Problem13 A

Problem14 C

Problem1s C
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Got any questions related to this quiz? We can help!

Send a message to contact@montogue.com and we'll

answer your question as soon as possible.
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