Montogue

Quiz SM208
DEFLECTIONS OF BEAMS

Lucas Montogue

() PROBLEMS

Problem 1 (Philpot, 2013, w/ permission)

For the beam and loading shown, use the double-integration method to
calculate the deflection at point B. Assume that El is constant for the beam.
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Problem 2 (Philpot, 2013, w/ permission)

For the cantilever steel beam (E=200 GPa, | =120X10° mm?*) shown, use the
double-integration method to determine the deflection at point A. Assume thatL=2.5
m, P=40kN, and w=30 kN/m.
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A) §,=—8.71mm
B) 6,=—14.8mm
C)6,=—20.5mm
D) §,=—26.1mm
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Problem 3 (Philpot, 2013, w/ permission)

For the beam and loading shown, use the double-integration method to
calculate the deflection at point B. Assume that El is constant for the beam.
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Problem 4 (Philpot, 2013, w/ permission)

For the beam and loading shown, use the double-integration method to
determine the maximum beam deflection. What is the maximum beam deflection if E
=200GPa, I=120X10° mm?*, L=5m, and wo =50 kN/m?

M
NS =,

A) 8nax =—8.49 mm
B) 5,0x = —14.6 mm
C) 8ax = —20.7 Mm
D) §pax = —26.0mm
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Problem 5 (Philpot, 2013, w/ permission)

Forthe beam and loading shown, determine the deflection midway between the
supports. Assume that El is constant for the beam.

wlx)=w, sin [%]

| L |
| |
4
A) Bijz == ;,T(LLEI
4
B) 61/2=— :TO‘*];EI
4
Qbu/z=— 2‘:11041351
4
D) 812 == ::221
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Problem 6 (Philpot, 2013, w/ permission)

For the beam and loading shown, determine the deflection midway between
the supports. Assume that El is constant for the beam.
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Problem 7 (Philpot, 2013, w/ permission)

For the beam and loading shown, determine the deflection at the leftend of
the beam. Assume that El is constant for the beam.

V X

: / w(x) =W, cos [ :2_L]
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A) 8§, =-0.109
4

B) 5, =-0.405
4

C) 5, =-0.710

D)6, =-1.10

Problem 8 (Beer et al., 2012, w/ permission)

Use singularity functions to determine the elastic curve for the beam shown
below. Consider the following statements.

Statement 1: The absolute value of the slope at the free end is greater than 3Pa? /2EI.
Statement 2: The absolute value of the deflection at the free end is greater than 4Pa3/EI.

Y

P P
l BY C

A

|
! a a

A) Both statements are true.
B) Statement1 is true and statement 2 is false.
C) Statement1 is false and statement 2 is true.

D) Both statements are false.
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Problem 9 (Beer et al., 2012, w/ permission)

Use singularity functions to determine the elastic curve for the beam shown
below. Consider the following statements.

Statement 1: The absolute value of the slope at point A is greater than Mya/2EI.
Statement 2: The absolute value of the deflection at point D is greater than Mya?/EI.

Y
M,

My 7 B D

a a | a |

A) Both statements are true.
B) Statement1 is true and statement 2 is false.
C) Statement1 is false and statement 2 is true.
D) Both statements are false.

Problem 10 (Beer et al., 2012, w/ permission)

Use singularity functions to determine the elastic curve for the beam shown
below, then determine the deflection at midpoint C.
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Problem 11 (Beer et al., 2012, w/ permission)

Use singularity functions to determine the elastic curve for the beam shown

below, then determine the deflection at point B.
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A) 6p =~ 768E]
wL4
B) 65 =~ 384E]
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D) 8p =+ 384E]
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Problem 12 (Beer et al., 2012, w/ permission)
Use singularity functions to determine the elastic curve for the beam shown

below, then determine the deflection at point C.

A)ac=—g"4°—£
D
c)‘SC:_g%L;I
D)(SC:—Z—(‘;g;

Y

Wwo

\1\1\0\\0//%/1/1/43

W

Problem 13 (Hibbeler, 2014, w/ permission)

For the beam and loading shown, determine the displacement at point C.
Assume El to be constant for the beam. (The numerator in the right-hand side of each

equation has units of kip-ft®.)

ct

) 5 =—1220
B) §¢ =— 210
Q)8 =—0
D) 6 =— 1077

8 kip/ft
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Problem 14 (Hibbeler, 2014, w/ permission)
The wooden beam is subjected to the loading shown. Determine the equation

of the elastic curve, then calculate the deflection atend C.

A) 5. =— 0.103in.
B) 5. =— 0.3261in.

C) 5. =— 0.544in.
D) 6, =— 0.767 in.
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() SOLUTIONS
P.1=) Solution

Consider the free body diagram for the beam in question.

Al a
Taking moments about point A, we have

M, :0—>—wx3Lx£+C x2L =0
2 y

2
_wL +2LC, =0
"C, = OwlL

rT g

Summing forces in the y-direction, we have

ZFyzO—)Ay+Cy—w><3L=O

AL W
4
3wL
A=

Consider now a segment of the beam joining end A of the beam to a section a-
a somewhere along its span, as shown.

v
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il TTIIIIIW) o

oA

I/
Referring to the figure, the bending moment M(x) is determined as

SM, =M (x)-A,x+ wxx(%) =0

We can then substitute this result into the moment equation,

EN' =M (x) > Elﬂ _ W 3w

b
dx’ 2
Integrating once, we obtain
2
L
BV W W g W e
dx’ 2 4 dx 6 8

Integrating twice, we obtain

Ejﬂ e +3LLx2 +C, > Elv= W JrW—Lx3 +Cx+C, (I)
dx 6 8 24 8
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The boundary conditions are v(0) = o (the deflection at support A is zero) and

v(2L) = o (the deflection at support Cis zero). Substituting the former into equation (II)
gives

EIx0=-2x0' + 2L 0 v w0+,
24 8
~C,=0

Substituting the remaining boundary condition into equation (l1) yields

EI><2L=—2—VZx(2L)4+W?Lx(2L)3+C1><2L+C2 =0

4
2L e20C+0=0
3
W3L +2C, =0
L3
LG ==
6
The elastic curve for the beam is then
3
Elv= —ix4 +W—Lx3 — Wl X
8 6
y=- WX (x3 —3Lx* +4L3)
24F]

Substituting x = L, we can determine the deflection at B,

_ __WXL 3 2 3\ _
S, =v(L)= 24EI(L 3LxL +4L)=
wiL
0, =———— (L' =30 +4C
i 24EI( " )
__WL4
5 12EI

C The correct answer is C.

P.2 =) Solution

Consider a segmentjoining the left end A to a section a-a somewhere along
the beam span.

ﬁ ) M)

Taking moments about section g-a, the bending moment M(x) is determined
to be

M, :O—>M(x)+%x2 +Px=0
LM (x)= Y px
2
Substituting into the bending moment equation, we have
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2
E1Y - M (x)=— 2 px
dx 2

Integrating once, we get

2
P
E[d—f Ve pesmP o Yo Polo
dx 2 dx 6 2
Integrating twice, we get
EIﬂ =2y —£x2 +C, = Elv= SR —£x3 +Cx+C, (II)
dx 6 2 24 6

The available boundary conditions are v'(L) = o (the slope at support B is zero)
and v(L) = o (the deflection at support B is zero). Substituting the former into equation
() brings to

EIxO:—%xL3—§><L2+Cl =0

3 2
no =2 P
6 2

Substituting the remaining boundary condition into equation (ll), we obtain

3 2
Elx0=—2p - Lp |2 PE e =0
24 6 6 2

wl' P wL' PI
——4 +
24 6 6 2

+C,=0

Substituting the C, and C, into equation (l1), the elastic curve is shown to be

3 2 4 3
Elv=-X oyt P fwl (P Wl PE
47 6 6 2 8 3

y=- W (x4—4L3x+3L4)—i(x3—3L2x+2L3)
24E]1 6Ll

To determine the deflection at the free end, we substitute x=0in the
expression above,

v(o)=—L(o4—4L3><0+3L4)—i(03—3L2><0+2L3)
24E] 6El
wl' Pl

"(O)=-2m T3m

Lastly, we can substitute the numerical data,

5 o) (30x10°)x2.5* 1000 (40x10°)x2.5° 1000
A_v()__8x(200><109)><(120><106)x 3% (200x10°)x (120x10°)

|0, =-14.8 mm

C The correct answer is B.
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P.3 =) Solution

Consider the free body diagram for the beam.

v

A

vV

Taking moments about point A, we have

ZMA=0—>—MA—W°L><ZTL=0
2
oM, =k
3

Summing forces in the y-direction, we obtain

w,L

ZFyzO—)Ay— =0
w, L
.'.Ay= ;

Consider a segmentjoining the left end A to a section a-a somewhere along
the beam span.

A 1

Vv

Taking moments about section g-a, the bending moment M(x) is determined
to be

M, , :0—>M(x)—MA+%xxx£—Ayxx:0

r L
AM(x) ey Do T
3 6L 2

x=0

We can then set up the bending moment equation,

2 L L2
Eld—‘;:M(x):—&x3 + 25y Mo
dx 6L 2 3
Integrating once, we find that
2 L r L r
Eld—‘;:—ﬁx3 WLx—WO—%EIﬂz— To_ iy Poz 2 Mo x+C, (I)
dx 6L 2 3 dx 24L 4 3

Integrating a second time, we find that

L r L 2
2y (A WO 1) x+C — Elv=— Wo_ys M3 W
dx 24L 4 3 120L 12

9
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The available boundary conditions are v'(0) = o (the slope at the fixed end is
zero) and v(0) = o (the deflection at the fixed end is zero). Substituting the former into
equation (1), itis easy to see that C, = 0. Likewise, if we substitute the second boundary

condition into equation (l1), it follows that

L
ALY AL S ) CY) VY Wi o

120L 12
~C,=0

ElxQ=-—

That s to say, both integration constants are equal to zero. The elastic curve,
then, is shown to be
w, w, L w, L’
0 s o 3ol o
120L 12 6

Elv=

2
_ Wt (x* —102%x+20L°)
120LE]

The deflection at the free end can be determined if we substitute x=Lin the

relation above,
2

S, =v(L)=— 12Wo01)jE[ (£ -1022xL+20L’)

2
L5, =k (£ -10L +20L")
120LEI

1 1w, L'
5 120EI

C The correct answer is D.

P.4 =) Solution

Consider the free body diagram for the beam in question.

W | W{J
A~ B
L

|5

"

A . I

Summing moments about point A, we have

L 2L
SM,=0— B L-xZ2=0
2
~BL-YE g
. p Wl
“B==

Summing forces in the y-direction, we find that

SF =0 4,+8,- 2L 0
.'.Ay+W%L—W%L:O
w,L
=t

Consider a segment that goes from support A to a section a-a somewhere
along the beam span, as shown.

10
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Taking moments about section d-a, we can derive an expression for the
bending moment M(x),

2

SM, , =0 M (x)+ 2 xZ_ 4 xx=0
2L :
M (x) &f—w‘)Lx:O
6L 6

M(x) S WL X

6L 6

We can then set up and solve the bending moment equation,

Integrating a first time, it follows that

2
d—jz—& : WOL)C—)Elﬂz—wo x4+WLLxZ+C1 )]
dx 6L 6 dx 24L 12

Integrating again, it follows that

d L L
LA L +C, S Ely=——2 i Loy +Cx+C, (I)
dx 24L 12 120L 36
The available boundary conditions are v(0) = o (the deflection at support Ais
zero) and v(L) = o (the deflection at support B is zero). Applying the former to equation
(1), itis obvious that C, = 0. Applying the other boundary condition to equation (I), we
obtain

B Tw, L’
! 360

The equation for the elastic curve is then

3
w, s WL oo Tw,L

=— X+
120" " 36 360
—__ Mt (3x* 102227 +7L*)
360LE]

Itis notimmediately clear where the maximum deflection occurs. We do
know, however, that the maximum deflection occurs where the beam slope is zero.
Accordingly, we can set equation (I) to zero and solve for x,

L T L
E]ﬂ:_\/‘}{x‘*_'_)( x2_ >’< =0
dx 24L 12 360

._0.0417 4

x*+0.0833Lx> —0.0194L’ =0

11
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There are two positive solutions to the equation above, namely, x=1.315L,
which is meaningless, and x = 0.519L, which is the one feasible result. Thus, the
maximum deflection occurs slightly to the right of the middle of the beam.
Substituting x = 0.519L in the equation for the elastic curve, we obtain

w, x0.519L

Sy =v(0519L) ==L

<[ 3%(0.519L)" ~1012 x(0.519L)’ +7x L' |

4
8. =-0.00652 %k
El

Substituting the numerical data we were given, the maximum deflection
follows as

(50><103)><54
(200x1o9)><(120x10-6)

0., =—0.00652 x x1000 = [-8.49 mm

C The correct answer is A.

P.5 =) Solution

The load equation for this beam is

4
EI av_ —W, sin s
dx* L

Integrating successively, we have

4 3
EI%=—wosin(ﬂij Elj—zwo (%}q (D)
X X T

’ L : L2 .
Eld—fz i) cos(@ v E%Y WO n| ZX |+ cx+C, (1)
dx Vs L dx’ L
2 L2 ) L3 2
4wl g, (” j+Cx+C —>E1@=—W° ( j+qx +Cx+C, (IM)
dx Ve L x 2
L3 2 L4 ) 3 2
EIﬁ =— W°3 cos (ﬂ) + Cx X =— W°4 sin (ﬂj +_C1x + Cax +Cx+C, (IV)
dx Ve L 2 T 6
The available boundary/continuity/symmetry conditions are listed below.
Number Condition Meaning
d*v The bending moment at
) atx=o, M = EI“—==0 &m
> the left end is zero.
d*v The bending moment at
@ atx=1, M = EI—~=0 neneme
x> the rightend is zero.
The deflection at the left
3) atx=0,v=0 .
end is zero.
The deflection at the right
(4) atx=Lv=0 . &
end is zero.

Substituting boundary condition (1) into equation (Il), we obtain

2 LZ
g4yl sin(ﬂxoj+C,x0+C2 -0
dx T L

=0
~0+0+C, =0
~CG =0

Substituting boundary condition (2) into equation (I1), we obtain

12
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2 L2
Erdy sin(ﬂXLj+C, xL+C, =
dx /4 L =
. =0
=0
S 0+CL+0=0
5.C =0

Substituting boundary condition (3) into equation (IV), we obtain

4 3 2
EIv:—WOf sin %0 +C1><0 JrC2><O
V2 L 6

=0

+C;x0+C, =0

~.C,=0

Lastly, substituting boundary condition (4) into equation (IV), we also obtain
C;=0.The equation of the elastic curve is then

w, L' . L.
Elv=—-—"—sin Zxlsv=- wf sin| Z x
Vs L 7 El L
Substituting x = L/2 in this equation, we can determine the deflection midway
between the supports,

_ WOL4
Y Rl
C The correct answer is D.
P.6 =) Solution
The load equation for this beam is
d4
o) AL
dx L

Integrating four times successively brings to

dv  w, | d’v W, 4
Idx4 :——2)(? —)EI?:—“—Z(;X +C1 (I)
d’ d’
Ezd—f - —%x“ +C > Eld—‘z/ - 2;”23 ¥ +Cpx+C, (1)
x x
d’ d C
; - —2& P 4Cx+C, > Eld—v . lzvgoﬁ x4 S 4 Ct € (1)
x X
d C C
d—v = _IZVE)OE x° +71x2 +C,x+C, > Elv= _84::)0L3 x’ +?1x3 +=2x+Cx+C, (IV)
x
The available boundary/continuity/symmetry conditions are listed below.
Number Condition Meaning
d’v The bending moment at
M atx=o, M :EIEZO the left end is zero.
d’v The bending moment at
@ atx=L, M = EIW =0 the rightend is zero.
The deflection at the left
3) atx=0,v=0 .
end is zero.
@ atx=L v=0 The deflectif)n attheright
end is zero.

Applying condition (1) to equation (I1), it is clear that C, = 0. Applying condition
(2) to equation (I1), in turn, we have

13
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2
TV Y 5 CxL+0=0
d’  20L

_ w,L
20

Applying condition (3) to equation (IV), we effortlessly obtain C,= 0. Applying
condition (4) to equation (IV), in turn, we see that

v =— Wo 5 ><L7+WoLxle3+9xL2+C3xL+0:O
840L 20 6 2
4 4
Lok wl +C,xL=0
840 120
_wOL3
140

Gleaning our results, the equation of the elastic curve is

w, 1 wlL 0 w. [
0 _x7 +—x—Zx 4 —xx? -2

TX xx+0
840L 6 20 2

Elv=-

3
) 3x7+W°Lx3—W°L .
840L 120 140

v = ——W°3 (x7 —T7L'% + 6L6x)
840 EI

Substituting x = L/2, the deflection midway between the supports is shown to

7 3
oo L)e s (4] -ro{ (Y
2 840L°ET |\ 2 2 2

7 7
P —_ L 7L 3p
8400°EI\ 128 8

W, (ﬂ 1121 384L7j
+

be

o -
U2 ea0rPEI\ 128 128 128

S ) 2731
T2 8A0EI 128

_ Bw L
L2 S120E]

C The correct answer is B.

P.7 =) Solution

The load equation for this beam is

4
EI dv =-w, cos(ﬂj
d. 2L

4
X

Integrating four times successively, we obtain

‘ Vo 2wl
Er9Y — L cos| X | o prdY 2L G (X e
2L 20

4
x dx’ T

’ 2w,L . vooaw L

EIZ], ‘3/ == sm(%)+ C - EIZ, ‘2/ = W°2 cos(%} +Cx+C, (I
X 7 x 7

d’v 4wl

dx? ’

S EI

3
cos(ﬂj +Cx+C, > E[ﬂ = 8W°3L sin(”xj +Qx2 +C,x+C; (1D
2L dx T 2

L. 16w,L'
prév. 8 s1n(%j+%x2 +Cx+C, > Elv=— Ow, cos(%)+gx3 +%x2 +Cx+C, (IV)

dx i o 6

14
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The available boundary/symmetry/continuity equations are listed below.

Number Condition Meaning

d*v The shear force at the free
) atx=o, V=EI§:0 end is zero.

d*v The bending moment at
@ atx=o, M = EI% =0 the free end is zero.

dv The slope at the fixed end

3) atx=1, a =0 < oo,
@) tx=L p=0 The deflection at the fixed
4 aAxX=L V= end is zero.

Applying condition (1) to equation (1), itis clear that C,=0. Applying condition
(2) to equation (I1), in turn, we see that

2 2
Eld ‘2/ = 4W°2L cos(ﬁxoj+0x0+C2 =0
dx V4

4w, I
A =0
T

B 4w0L2

2
v

- C, =

Likewise, mapping condition (3) onto equation (Ill) yields

EI%Z 8v71;03L3 Sin[”;LLj-"gXLz _42‘;_02L2><L+C3 =0
X
. 81?? - 4V;Of3 1C,=0
_4w0L

nC= 3 (2—7[)

Finally, applying condition (4) to equation (V) gives

x(2—7r)+C4

4

T

16W0L4XCOS axL) 4wyxLxL’ 4wyxL’'xL
27 ’

=0
2w, L

=~ C, p (4-7)

Gleaning our results, the equation of the elastic curve is determined to be

4 2 4
EIv:—16W°L cos| =X 4—9><x3+l il x2—4W0L(2—7Z)x+2WOL (4-1)
! 2L) 6 ’

2 T i’ T

v=——0_ 301 cos| = |+ 472 Px* +87L (2— 1) x—4x Lt (4—1)
27°El 2L

Substituting x = 0, we can establish the deflection at the leftend of the beam,

8, =v(0)=—2 32L4COS(”2>LOJ+4722L2><02+87zL3(2—7z)><0—47rL4(4—7z-)

27*El
=1
-8,=-3 VZ‘}EIX[32L4+O+O—47ZL4(4—7Z)]
T
4 — —
-8, :‘W}f X{sz 427r(44 n)}
T

15
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Evaluating the quantity in brackets with the help of a CAS such as
Mathematica, we ultimately have

C The correct answer is A.
P.8 =) Solution

To begin, we write the shear force equation, with x measured from the free

end A,
V(x) = —P—P<x—az>O
Integrating, we obtain
M(x) = —Px—P<x—a>1
We can then set up the bending moment equation,
2
EN =M (x) = E1°Y = _Pc— P(x—a)
dx
Integrating once, we obtain
d’v | dv P, P 2
El—=-Px—-P{x—a) > El—=——x"——(x—a) +C, (1
dx’ < > dx 2 2< > @
Integrating a second time gives
Y- P P ie sEv="Lr Ly vcave,
dx 2 2 6 6

The available boundary conditions are v'(2a) = o (the slope at support C is
zero) and v(2a) = o (the deflection at support Cis zero). Applying the former to
equation (1), it follows that

Elﬂz—ﬁx(za)z—£><<2a—a>2+C1 =0
dx 2 2
—£><4az——><az+C1 =0
2
2
ope L0 g
2
2
"C = 5Pa
2

Applying the remaining boundary condition to equation (l1), we have

2
Elv= —§><(201)3 —§<2a —a>3 + >Pa

x2a+C, =0

3 3
. -Apa —PTa+5Pa3 +C, =0
3
-C, :_7Pa
2

Substituting these variables into equation (1), the beam slope is given by

EN' = —gxz —£<x—a>2 +

, Pl 1, 1 2 5a
V=—| =X —=(x-a) +—
EIl 2 2 2

The slope at the free end is then

16
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. P| 1 1 5a°
=V ):E —Ex02—5<0—a>2 2

2
.0, - SPa
2EI

Thus, statement1is true. In a similar manner, the elastic curve is established
as

2 3
Elv= —£x3 —£<x—a>3 ++ >Pa xX— 7Fa
6 6 2

Pl 1, 1 s S5a° Ta°
V=—|——X ——<x—a> +—x——
EI|l 6 6 2

so that, with x = 0, we have

Thus, statement 2 is false.

C The correct answer is B.

P.9 =) Solution

Itis easily shown that the system is self-equilibrated, i.e., Rs= Ro = 0. We can
then set up the bending moment equation,

Integrating once, we obtain

EN'=-M,{x~a)’ —>EI§:‘J‘%<X—">1 +G M
X

Integrating a second time, we obtain
, 1 M, 2
EN =-M {x-a) +C, > Elv= —7<x—a> +Cx+C, (I

The boundary conditions are v(0) = o (the deflection at support A is zero) and
v(2a) = o (the deflection at support C is zero). Substituting the former into equation
(1), itis easy to see that C, = 0. Substituting the remaining condition into the same
equation, in turn, we see that

M
EIv=—7°<2a—a>2+Clx2a+O=0

2
Ma

+2axC =0

Mg
4

e

We are now in position to evaluate the slope at end A of the beam,

1 1 M.a 1 M.a
0,=v(0)=—| -M_ (0- 0% = —_x 0
1 =7'(0) EI "Lra>+ 4 £ 4
.o _Ma
A 4Er
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Thus, statement 1 is false. Next, to determine the deflection at the right end of
the beam, we substitute x =3a in equation (l1),

Thus, statement 2 is true.

C The correct answer is C.

P.10 =) Solution

From symmetry, is easy to see that reactions Ay = B, = wa. The distributed loads
can be represented by the equation

w(x) =w-— w<x — a>0 + w<x - 3a>0
However, dV /dx = —w(x); thats,

dVv 0 0
—=—-w+w(x—a) —w(x—3a
Yy ewl—a) =e{s—3a)
Moreover, dM /dx = V (x); thatis,

dM
Esz —wx—i—w<x—a>l —w<x—3a>1

The bending moment M(x) is such that

M(x)=§/lvﬁ+AYx—%wx2 +%w<x—a>2 —%w<x—3a>2

1 1
M(x) = wax — —wx’ +—w<x—a>2 ——w<x—3a>2
2 2 2
We can then set up and integrate the bending moment equation,

2 2
Eld—‘;=M(X) —>E1ﬂ=wax—%wx2 +%W<x_a>2 _%W<x_3a>2

dx dx?
v wa , 1 5 1 3 1 3
SDE—=—Xx"——wx"+—{(x—a) ——w{x-3a) +C, (1
dx 2 6 6< ) 6 < ) +G M

S Ev="2y —wa“ +L<x—a>4 —Lw<x—3a>4 +Cx+C, (1)
6 24 24 24
The available boundary conditions are v(0) = o (the deflection at support A s
zero) and v(4a) = o (the deflection at support B is zero). Substituting the former into
equation (1), we effortlessly obtain C, = 0. Substituting the second boundary condition
into equation (l1), we have

EI><0:%><(411)3 —2—14w><(4a)4 +i<4a—a>4 —2—14w<4a—3a>4 +C x4a+0=0

64wa4 - 256wa4 + 8lwa4 —La4 +C x4a=0
6 24 24 24

3 S5wa’
6

..C =

Gleaning our results, the elastic curve is determined to be
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3
v =i{£x3 —Lx4 +L<x—a>4 ——<x—3a>4 —Six}
ElIl6 24 24 24 6

Substituting x = 24, the deflection at midpoint C follows as

w|a 31 s 1 | s Sa’
5C_V(2a)_E gx(2a) —ax(Za) +£<2a—a> —£<2a—3a> —?x2a

C The correct answer is D.

P.11=) Solution

Using statics, it is easy to see that vertical reactions A, and C, are such that A, =
wlL/4 and C,=3wL/4. We can replace the loading configuration given with the
following equivalent setup.

- — W
r r r r -‘|r
R
Yy ¥ ¥ ¥ ¥ Y v wy vy yswyy B k 4
A ‘ BA F t_ TA R b D
|
A . <
! L/2 B L2 ) L2

The shear force V(x) is expressed as
V(x) =4, —wx+w<x—§>+Cy <x—L>0 +w<x—L>

V(x):WTL—wx+w<x—§>+%<x—L>o +w<x—L>

Integrating once, we obtain the bending moment M(x),

V(x):WTL—wx+w<x—§>+3%L<x—L>o +w<x—L>

Since EI(d?v/dx?) = M(x), the elastic curve can be obtained if we
integrate the relation above twice more,

2

El —=—x——x"+—(x

dv wL w , w L\’ 3wL
* 4 2 2

3
.‘.Elﬂzw—sz—Kx3+K x—£ +?’W—L<x—L>2+K<x—L>3+C1 (D
dx 8 6 6 2 8 6

4
nEp=YLpo W Wl L +3lL<x—L>3+1<x—L>“+qx+c2 (II)
247 247 24\ 2/ 24 24

19

© 2019 Montogue Quiz



The pertaining boundary conditions are v(0) = o (the deflection at support A is
zero) and v(L) = o (the deflection at support Cis zero). Applying the former to equation
(1), we effortlessly have C, = 0. Resorting to the other boundary condition, equation

(1) becomes
4
B2 Yo p L +3LL<L—L>3+1<L—L>4+C1><L+C2:0
24 24 24 2 24 24 -
4 4
s —+1><L—+0+0+C1><L=O
24 16
__WL3
' 384

Therefore, the elastic curve is given by

4 3
EIv=W—Lx3—1x4+1 x—£ +ﬂ<x—L>3+K<x—L>4—WL X
24 24 24

4 3
p= Lo L, L L +£<X—L>3+L<x—L>4—L—x
El| 24 24 24 2 24 24 384
We can now determine the deflection at point B, which corresponds to x = L/2.

wlro (Y 1 (oY v/ \* 3./ \) 1/ \' I (L
Op=—| —x%x|=| ——x|=| +—(=——=) +—(=-L) +—(=-L) ——x| —
EIfl24 \2) 24 \2) 24\2 2/ 24\2 24\2 384 | 2

| S — | | ——

=0 =0 =0
P EIN192 384 768

wi?
VO, = 4-2-1
E 768EY( )
4
5, =+ wL
TO68E]

The positive sign indicates that the deflection of point B is upward.

C The correct answer is C.

P.12 =) Solution
To begin, consider the free body diagram of the beam.
x\"\\h H/"/
H\“H .-/i/
-~ ~
WA T wiA
(1) | ~_. | (2)
v v
& T B
A}" E Uﬁ ¥
5176

Taking moments about point B, we have

wmL SL wl L

IM,=0—> x—+A xL=0
6 6
2 2
L WE L =0
24 24 g
w,L
w4, ==

4
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Owing to symmetry, we have B,=A,=w,L/4. The first distributed load,
labeled (1) in the free body diagram, can be described with the relation

2w,
L

X

Likewise, the second distributed load, labeled (2) in the free body diagram,
can be represented with the relation

() = 2 <x—§>l

The distributed load imparted on the beam is then

1
w(x)=w (x)+w,(x)=w, - 22}0 x+%<x—§>

Now, knowing that dV /dx = —w(x), the shear force V(x) can be obtained by
integration,

2 4 1
d—V:—w(x):—w0+ To M x—£
dx L L 2

2
.'.V(x)=—wox+ﬁxz—2W0 w-L
L L 2

Since the variation in moment dM /dx is equal to the shear force V(x), and

EId—zv =M (x)
dx’

it follows that

2
Vu0+Ay=%f7ﬂvx+ﬂﬁx?—é@<x—L>

2 3
.'.Eld—‘;:M(x):WLLx—ﬁ 24 00 2% w-L
dx 4 2 3L 3L

Integrating twice more gives

2 3
Eld—‘;:wOLx—ﬁxz+&x3 2W, x L
dx 4 2 3L 3L

4
=——Xx +20 4 Mo x—£ +C, (D
dx 8 6 12L 6L 2

L 5
=0k Mo W s W [ LV ee
247 247 T60L” 30L\ 2

The available boundary conditions are v(0) = o (the deflection at support A s
zero) and v(L) = o (the deflection at support B is zero). Applying the former to equation

(1), itis clear that C, = 0. Applying the remaining boundary condition to equation (ll),
in turn, brings to

Ely = 2053 2—0><L4 + 0 s W <L—£

5
+CL+0=0
60L 30L 2

4 5
w, L ow, L

. ———x—+CL=0
60 30L 32
_WOL3

64

The beam’s elastic curve is determined to be

1
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5 3
w, L w, w, w, L w, L
Elv=—""x" - 0 x4 0 0 <x——> - x

24 24 60L"  30L 2 64
wy| L 5 1 , 1 5 1 L\’ I
Ve=—| —X —X +—xX ——(Xx——) ——x
El| 24 24 60L 30L 2 64
The deflection at the midpointis then
LY wl| L (LY 1 (LY 1 (LY 1 /L L\
Op=v| = |=="%| —=x| = | ——X| = | +—X%X| = | ——(=——
2) EI24 \2 24 2 60L \ 2 30L\2 2
%/_J

&(L“_L“Jr r o, L“]

¢RI

192 384 1920 128

W0L4
5. = x(10=5+1-15
€ 1920EI ( )
_3W0L4
©  640EI

C The correct answer is B.

P.13 =) Solution

The free body diagram for the beam is illustrated below.

48 k 36 k

™M
L
= ]
L
5]
=
P>
5]
=
(=3
=
«—

From statics, we have |A,| =88 kip and |B,| = 4 kip. We shall replace the system

of loads on the beam with the following equivalent configuration.

la k/ft
. A -B
—— =
ear Bkt 4k

I

9 ft

Using discontinuity functions, the bending moment M(x) is written as

8

M(x)= —%x 8(x~-0)’ - (—§)<x— 6) —(-88)(x-6)
M (x) = —4x? +2i7<x ~6)" +88(x—6)

Knowing that EI(d?v/dx?) = M(x), the beam deflection can be
determined by integrating this relation twice,

d*v

2

El =—4x2+%<x—6>3+88<x—6>

dx
dv 4 1
.'.EIE:—Ef+E<x—6>4+44<x—6>2+q (I)
1 1 44
S Elv= —§x4 +§<x—6>5 +?<x—6>3 +Cx+C, (ID

© 2019 Montogue Quiz

22



The available boundary conditions are v(6) = o (the deflection at support Ais
zero) and v(15) = 0 (the deflection at support B is zero). Substituting the former into
equation (I1), we have

1 1 44
E[v:—§x64+§<6—6>5 - (6- 6) +Cx6+C, =0

5.—432+0+0+6C, +C, =0
- 6C +C, =432 (III)
Substituting the remaining boundary condition into equation (ll), we have

1 1 44
_§x154+§x<15—6>5 - (15~ 6) +C x15+C, =0

©.—16,875+437.4+10,692+15C, +C, =0
. 15C, +C, = 5476 (IV)

Equations (I11) and (V) can be solved simultaneously to yield C;=560.4 and C,
= —3110. Substituting these quantities into equation (I1), the elastic curve is given by

Elv=—1y +L<x—6>5 +ﬁ<x—6>3 +560.4x 3110
37135 3

:L{_lx“ ! —(x- 6> +ﬁ<x—6>3+560.4x—3110}
EIl 3 135 3

The deflection at point Cis then

11 1 44
Se =v(0)=E[—§x04 +Ex<0—6>5 +?<0—6>3 +560.4><0—3110}

1
S0, =—(-0+0+0+0-3110
- EI( +0+0+ )

3110

6. =
<~ EI

C The correct answer is C.

P.14 =) Solution
The free body diagram for the beam is provided in continuation.
36k _ 15k
6ft | 3ft T 9 ft
A=03k B =54k
¥ ¥

From statics, we have |A,| =0.3 kand |By| =5.4 k. We shall replace the beam’s
loading configuration with the equivalent pattern shown below.

..um..l' J
[ T Tl

03k 1k
In this case, the bending moment M(x) is given by

—
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) —(—5.4)<x—9>—(—%j<x—9>2 —%(—%J(x—9>3
M (x)=-0.3x-0.0148x +5.4(x~9)+0.4(x—9)’

Knowing that EI(d?v/dx?) = M(x), the beam deflection can be
determined by integrating the foregoing equation twice.

2
EI% =-0.3x—0.0148x> +5.4(x—9) + 0.4(x~9)" +0.0148(x -9’
X
EI? =-0.15x* =0.0037x* +2.7(x=9)" +0.13(x~9)’ +0.0037(x-9)" + C, (1)
X

o Elv=~0.05x* = 0.00074x° +0.9{x~9)’ +0.033(x~9)" +0.00074(x ~9)’ + C.x + C, (II)

The available boundary conditions are v(0) = o (the deflection at support Ais
zero) and v(9) = o (the deflection at support Bis zero). Substituting the first condition
into equation (l1), it is easily seen that C, = 0. Substituting the remaining condition into
equation (I1), in turn, we have

Elv=0.05%9" —0.00074x9° +0.033(9-9)" +0.00074(9-9)" + C,x9 =0
5.=36.5-43.7+0+0+9C, =0
~.C, =891

Consequently, the elastic curve is given by
y= é[—o.osf ~0.00074x" +0.9(x—9)" +0.033(x—9)" +0.00074(x —9)" + 8.91x} kip-ft’

We are looking for the deflection at end C, for which x =18 ft. Therefore,

1 | -0.05x18"~0.00074x18° +0.9(18-9)’ e
5. =v(18 kip-ft

T EH +0.033%(18-9)" +0.00074(18 ~9)" +8.91x18

613.2
50, =———= kip-ft*®
c El p

Since E=1.6X10* ksiand | = 6X123/12 =864 in.*, we ultimately have

c =

_ R x12° =[-0.767 in.
(1.6><103)x864

or approximately19.5 mm.

C The correct answer is D.

() ANSWER SUMMARY

Problem1
Problem 2
Problem 3
Problem 4
Problems
Problem 6
Problem 7
Problem 8
Problem9
Problem1o
Problem11
Problem12
Problem13
Problem14

OO wNn o N w» O P> O wNn

24

© 2019 Montogue Quiz



() REFERENCES

e BEER,F.,JOHNSTON, E., DEWOLF,].,and MAZUREK, D. (2012). Mechanics of
Materials. 6th edition. New York: McGraw-Hill.

o HIBBELER, R. (2014). Mechanics of Materials. 9th edition. Upper Saddle River:
Pearson.

e PHILPOT, T. (2013). Mechanics of Materials. 3rd edition. Hoboken: John Wiley and
Sons.

Got any questions related to this quiz? We can help!

Send a message to contact@montogue.com and we'll

answer your question as soon as possible.
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