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0.05
            

c Solution

1
0

2
f f





 
    

 
 

1 1
0

2 2

df
f f d

f

 


 

   
             

 

1

2

df
d d

f


 




   


 

2

1ln ln ln
4

f C


      

2

1ln ln ln
4

f C


     

2

1

1

ln
4

f

C

  
  

 
 

2

1

1

exp ln exp
4

f

C

     
     

     

 

2

1

1

exp
4

f

C

   
   

 
 

𝑓′
2

1

1

exp
4

f

C

   
  

 
 

2

1 exp
4

f C



 

   
 

 

2

1 exp
4

df
C

d






 
   

 
 

2

1 exp
4

df C d


 
 

   
 

 

2 2

exp 2exp
4 4

d
 

 
   
      
   

  

2 2

1 1exp exp
4 4

df C d df C d
 

   
   

       
   

   

2

1 22 exp
4

f C C
 

     
 

 

𝑓 𝑓 ∞
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2

1 2

0
0 2 exp 0

4
f C C

 
      

 
 

1 22 0C C    

2 12 (I)C C   

 
2

1 2

0

2 exp 1
4

f C C



 
       

 
 

20 1C    

2 1C   

𝑓 𝜂

2 2

1 2

1
2 exp 2 exp 1

4 2 4
f C C

    
            

   
 

 
2

1 exp
4

f



 

    
 

 

c Solution

rectDuct[a_,n_]:=ContourPlot[(a^2-y^2)/2+(2/a)*Sum[With[{α=(2k-1) 

π/(2a)},(-1)^k/α^3 Cos[α y] Cosh[α 

x]/Cosh[α]],{k,1,n}]//Evaluate,{x,-1,1},{y,-a,a},AspectRatio-

>Automatic,ContourShading->None]; 

𝑎

rectDuct[0.4,15] 

rectDuct[0.8,25] 
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c Solution

(I)

(II)

u ax
y

v ay
x






  


   

 

 

 

 

(from I)

(from II)

axy f x

axy g y





 


 

 

𝑓 𝑔

𝜓0

  0,x y axy    

𝜓0 𝜓 𝑎 𝑎

𝜓 𝑎 𝜓 𝑎

𝑦 𝐶 𝑥

 

c Solution

x y x y x y

0.25 4.00 0.25 12.00 0.25 20.00

0.5 2.00 0.5 6.00 0.5 10.00

1 1.00 1 3.00 1 5.00

1.5 0.67 1.5 2.00 1.5 3.33

2 0.50 2 1.50 2 2.50

2.5 0.40 2.5 1.20 2.5 2.00

3 0.33 3 1.00 3 1.67

3.5 0.29 3.5 0.86 3.5 1.43

4 0.25 4 0.75 4 1.25

4.5 0.22 4.5 0.67 4.5 1.11

5 0.20 5 0.60 5 1.00

𝜓(x,y)/𝑎 = 1  𝜓(x,y)/𝑎 = 3  𝜓(x,y)/𝑎 = 5  
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u U U y
y





     

    

 Uy f x    

  00v f x
x


 


    


 

𝜓0

  0,x y Uy  

1
cosrv U

r







 


 

sinv U
r





   


 

 d f r


 



 


 

 cosUr d f r      

   sin (I)Ur f r     

𝜕𝜓 𝜕

   sindr g U dr g
r


   


   

   

 sin (II)Ur g      

    0f r g     

𝜓0

    0, sinr Ur    

𝑣𝑟 𝑣𝑧
𝑣𝑧
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1
zv U Ur r

r r





     

    

2

0

1

2
r U     

𝑣𝑟

  0

1
0rv f z

r z





    


 

𝜓0

  2

0

1
,

2
r z r U    

2

1
cos

sin
rv U

r




 


 


 

1
sin

sin
v U

r




 


   


 

 

 

 

 ,0 ,

0
0,0 ,0

r r

r
dr d

r

 
  



 
  

    

2 2

0
00

sin cos sin
r
Ur dr Ur d



           

𝜃 𝜃 𝜃 𝜃

∫ sin(2𝜃)𝑑𝜃
𝜃

0
sin2 𝜃

2 2

0
00

0

sin cos sin
r
Ur dr Ur d



     



     

2

0
0

cos sinUr d


        

 2

0
0

1
sin 2

2
Ur d



       

2 2

0

1
sin

2
r U      

c Solution

2

0

2

1 1
1 cosr

r
v r U

r r r






  
     

   
 

2

0

2
cos 1r

r
v U

r

 

   
 

 

2

0

2
sin 1

r
v U

r r
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0

0 (I)
r p

p p dr
r  






 
   

 
  

𝑣𝑟 𝑟0
2 𝑟2 𝑣𝜃

 
2

2 2 2

1 1 2r
r r

r vvp
rv

r r r r r r

v
v

r


 


    

           



 
 

𝜇

 2 2 2

0 0

2

5

2
r

r

U r r rvp
v

r r r





  
 

 

𝜕 𝜕

04 2 4 2
20 0 0 0

0 5 3

0 4 222 2
4 2

r
r r r r r

p p U dr U r r
r r

 

 




   
       

    
  

2
2

0

1 1
2

2 4 2

U
p p U




 
     

 
 

 0 0

0

,
r r

p
p r p d




 

 

 
   

 
  

1
0

v vp

r r

  
 


   

 
 

2 2

0 0

2 2

1 1
sin 1 cos 1

r rp
U U

r r r r
  



      
             

       
 

21
4 sin cos

p U

r r


 




  


 

21
2 sin 2

p U

r r







  


 

𝜃 𝜃 𝜃

 2 2 2

0 2 sin 2 2 sinp p U d U



          

c Solution

𝑣𝜃 Ω 𝑣𝑟
𝑣𝑧 𝜔𝑟 𝜔𝜃

𝜔𝑧
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     21 1 1 1
2z rv r r r r

r r r r r r r


  
        

  
 

2z    

Ω

c Solution

𝜔𝑟 𝜔𝜃

1
0z

r

vv

r z





  

 
 

0r zv v

z r


 
  
 

 

𝜔𝑧

 
1 1 r

z

v
rv

r r r





 

 
 

 
1

0z rv
r r




  


 

21
1 exp

2 2
z

ar
r

r r r v




     
       

     
 

21
exp

2 2 2
z

ar

r r v


 

    
     

   
 

2

0

1
exp

2 2 2
z

ar

r r r v


 



 
        

       
      

  

 

2

exp
2 2

z

a ar

v v




 
   

 
 

c Solution

 

 

 

r

z

v r G z

v r F z

v H z





  


 


 

 

 
1 1

0z
r r G z

r z r

vv 



     

 
 

 

 r r G z      
 

  0r z r F z
z r

v v


 
    

 
 

 r F z     
 

      
1 1 1 1

0 2r
z rv r r G z r G z

r r r r z r

v




 
            

 

 2z G z    

 0r r G     
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 0r F    

 
1

2 0 2z G



     

 

 

c Solution

2
AC

V
AC





 

 

 
, 2

2 2

2 2
AC x

y y
V

AC AC AC 

 
    

 

 

 
, 2

2

2
AC y

x
V

AC


 



 

 𝐴𝐶̅̅ ̅̅  

2 2AB ABy
V V

x


  



2 2AD ADx
V V

y


 


 

2 2 2

2 2

4 4 41 2

2 2 4 4 2
A AC ABx xx

x y yy
V V V

y x y 

   
     

   2 22 4 4y x y

 
 

  

 

   

2 2

2 2 2 2

4

4 44 4
Ax

x x
V

y yx y x y 

 
   

 
 

 

2

2 2 2 2

2 1

2 4 4 2 2
A AC ABy yy

x y
V V V

x y x x x y 

    
      

     

 

2

2 3 3

,

,

A y

A x

Vdy y x dy dx

dx V x y y x


      

2 2

2 2
1

h h

x y
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𝜓

d dx dy vdx udy
x y

 


 
    
 

 

2 2 2 2

1 1

4 4

x y
d dx dy

x x y y x y


 

    
      

    
 

2 2 2 24

dx x dy y
d dx dy

x x y y x y




 
     

  
 

 
 

2 2

2 2

1

4 2

d x ydx dy
d

x y x y




 
    

  

 

 
 

2 2

2 2

1

4 2

d x ydx dy
d

x y x y




 
   

  
     

 2 21
ln ln ln

4 2
x y x y



  
     

 
 

𝜋 Γ

 2 28 1
2ln 2ln 2 ln

2
x y x y




 
       

 

 2 2 2 28
ln ln lnx y x y


      

 
 

 2 2 2 28
ln lnx y x y


     

 
 

2 2

2 2

8
ln

x y

x y


 

 
 

c Solution 

2 (I)    

𝜓

𝜓𝑥𝑥 𝜓𝑦𝑦

   
2 2

2 2

2 2

2

1cos coshC x C y
x y
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𝜔𝑧 − 𝜓

𝜓𝑥𝑥 𝜓𝑦𝑦

 
 

   2

sinh
,

1cos cosh

C y
u x y

C x C y


 
 

 
 

   

2

2

1sin
,

1cos cosh

C x
v x y

C x C y




 
 

c Solution 
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   2

sinh
,

1cos cosh

C y
u x y

C x C y


 
 

 
 

   

 
 

 
2

0

1.0 sinh 1.0 sinh
, tanh

1.0 cosh1.0 1 cos 1.0 cosh

y y
u x y y

yx y



 
  

   
 

 

c Solution 

𝜂

2
2

2 2

ar a
r 

 
    

𝑎

∼ √𝑎 𝜐⁄ ∼ √𝜐𝑎

𝑣𝑟

   2 26 2 6 2
1 exp 1 exp

2 2
r

a a
v ar ar

r a a
r

  
 

 



              
     

 21
2 6 2 1 exprv a a   


      
 

 

𝑣𝑟
⋆ 𝑣𝑟 √2𝜈𝑎

 26
1 exp (I)

2

r
r

v
v

a
 



       
 

 

𝑧⋆ 𝜉 √𝑎 2𝜐⁄ 𝑣𝑧
⋆ 𝑣𝑧 √2𝜐𝑎

𝑣𝑧

 22
2 1 3exp

2
z

a
v az

a





      
   

 22 2 1 3expzv a       
   

 22 1 3exp
2

zv

a
 


    
   

 22 1 3exp (II)zv       
   

𝜂 𝜉

StreamPlot[{−𝜂 +
6

𝜂
∗ (1 − Exp[−𝜂2]),2 ∗ 𝜉 ∗ (1 − 3 ∗ Exp[−𝜂2])}, {𝜂, 0,20}, {𝜉, 0,20}]
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𝜂

𝑣𝑧 𝜉

   2 22 1 3exp 2 1 3expz
z

v
v   




          

     

𝑣𝜃

 
 

2 2
2; where 

2

H ar
v

r H






 


 

𝜂 ∝

 
 

 
 

2 2
1 1H Hv

r H H


 

 
 

 
 

 

   
2

2 1

0 0
exp[ 3 1 ]

t sH t e s ds dt


       

𝑣𝜃 𝐻 𝜂2

𝜂 𝜂2 ∞

𝜂 ∈
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𝜂 ∈

c Solution 

   2 2 22
2F Uz U x iy U x ixy y         

 2 2 2F U x y Uxyi     

 2 2x y U    

2xyU   

𝜙 𝜓

2 ; 2u Ux u Ux
x y

  
   
 

 

 

2 ; 2u Uy u Uy
y x

  
      
 

 

   2 2 2 2 2
dF d

w Uz Uz U x iy Ux i Uy
dz dz

        

w u iv    

c Solution 

2

2 2

2 2
x y

 

 

   
     
   

 

𝜇 𝜋



38 
 

 
 

2 2

z
F x iy

z z x y

 

 
   


 

𝜙 𝜓

   2 2 2 2
and

x y

x y x y

 
 

 
  

 
 

2 2 (I)
y

x y



    

 

2 22

2 2 2

2 2 2
x y x y

   

   

     
           
     

 

2 2 0x y



     

2 2x y



     

 

 1 2 2 2iF z w z r e   

  

           

   2
2 2

ii iw e e e
r r

  

 

        

 2
cos sin iw i e

r


 



     

2 2
cos ; sinrv v

r r


 
 

 
    

c Solution 

ln ln
2 2

m
F z i z

 


   

 
1

ln (I)
2

F m i z


     

 
1

2

dF
W m i

dz z
     

�̅� 𝑊

 
1

2
W m i

z
    

𝑊 �̅�

   2

1

4
WW m i m i

z z
    


 

 2 2 2

2

1

4
WW m i

z z
   


 

 2 2

22

1
(II)

4
WW m

r
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1 1

ln ln
2 2

iF m i z m i re 

 
       

     
1

ln ln
2

iF m i r e 


     
 

 

   
1

ln
2

F m i r i


        

   
1

ln ln
2

F m r m i r i 


        

   
1

ln ln
2

F m r m r i



 




  
       

    

 

 
1

2
F i 


    

𝜓

 ln
2 2

m
r 

 


 

𝜓0 𝜃

  0

2
exp

2

m
r


  



  
      

 

1
const.

2

p
WW


 

2 2

2 2
const.

4

pp m

r  


     

2 2

2 24

p p m

r 
  

   

c Solution 

   ln ln
2 2

m m
F z ih z ih

 
     

1 1

2 2

dF m m
W

dz z ih z ih 

   
     

    
 

1 1

2

m
W

z ih z ih

    
           

 

2

m z ih
W




 

z ih 

  z ih z ih

 
 

  
 

2 2

2

2

m z
W

z h

 
   

 



40 
 

 

 

2 2

0

2

2

2
2

1

2 2
1

x hp p m h
W W

x h
 


 

 
 

 

   
0

2

2

2 2
2

1

2 1
p

p p X
C

m h X


 


 

 

𝑥

Cp =@(X) -(1/(2*pi^2))*(X^2/(X^2+1)^2); 
fplot(Cp,'LineWidth',2.0) 
xlim([0 10]); 
ylim([-0.015 0]); 
grid on 

c Solution 

2 2 2

0 0 0

2 2 2

0 0 0

5
R c R R ca

b R c R R c


 
   

 
 

2 2
2 2 2 20
0 02 2

0

5 5 5
R c

R c R c
R c


    


 

0

6

2

c
R   

√6

 
2

0R
F U U 


   

𝜁

2c
z 


   

𝜁

2

0 0

2
R RdF

F U U U U
d


  

 
      

 

𝜁

2 2

2
1

c dz c
z

d
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0

2

2 2 2

1U RdF ddF
W

dz dz d c



  

 
   


 

2 2

0

2 2

R
W U

c





 
  

 
 

𝜁 𝜁

c Solution 

2c
z 


   

2 2dz d c d     

2

2
1

c
dz d



 
   

 
 

2

2
1

c
dz d



 
  
 

 

2 2 2 2

2 2

c c
dz dz d d

 
 

 

   
    

  
 

 

 

2 2 2 2 2 4

2
(I)

c c c
dz dz d d

  
 



  
    

 2 2 2 2 2 2 2

0 0 0 2cos 2i iR e R e R         

𝜁 𝑒𝑖𝜃 𝜃 𝜁̅ −𝑖 𝑒−𝑖𝜃 𝜃

𝜁 𝜁̅ 𝑅0
2 𝜃

 
 

 
4 2 2 4

2 20 0 2

04

0

2 cos 2R c R c
dz dz d R d

R


 

 
    

   
 

2 2 24 4
200

2 4 4 4

0 0 0 0

2 cos 2d c RR c
d

R R R R

 


 
    

 
 

 
4

0 0 0

1
2 2

1 2 cos 2
d c c

d
R R R


 

    
       
     

 

 
4

0 0 0

1
2 2

1 2 cos 2 (II)

t
c c

d
R R R






 

     
      
     

  

2 2

2 2 2 2

1 1
;W W

c c
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2 2 2

2

2 2 2 2 2 4

1
q WW

c c c

  

  

  
 

  
 

 
 

 

 
2

2 4 4 2

2 1 cos 21 2cos 2 1
(III)

1 2 cos 2 1 2 cos 2
q

c c c c



 

      
   

 

21 (IV)pC q   

 
 2 4

1 2cos 2 1
(V)

1 2 cos 2
q

c c





 


 
 

 

A 
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